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Software Model Checking of 
Programs / Transitions Systems / 

Push-down Systems 

Satisfiability of Constrained 
Horn Logic (CHC) fragment of 

First Order Logic

Reduce Model Checking to 
FOL Satisfiability

=
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Constrained Horn Clauses (CHC)

A Constrained Horn Clause (CHC) is a FOL 
formula of the form

• 𝜑 - constraint in a background theory 𝒯
• 𝒯 - background theory
–Linear Arithmetic, Arrays, Bit-Vectors, or combinations

• 𝑉 - variables, and 𝑋𝑖 are terms over 𝑉
• 𝑝1, … , 𝑝𝑛, ℎ - n-ary predicates
• 𝑝𝑖[𝑋] - application of a predicate to first-order terms

8V · (' ^ p1[X1] ^ · · · ^ pn[Xn]) ! h[X]
<latexit sha1_base64="cXM3qQu8DKQ90hT+ytxG+qsemHE="></latexit><latexit sha1_base64="cXM3qQu8DKQ90hT+ytxG+qsemHE="></latexit><latexit sha1_base64="cXM3qQu8DKQ90hT+ytxG+qsemHE="></latexit><latexit sha1_base64="cXM3qQu8DKQ90hT+ytxG+qsemHE="></latexit>
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CHC Satisfiability
𝛱 - set of CHCs
M - 𝒯-model of a set of 𝛱
- M satisfies 𝒯
- M satisfies 𝛱 – through first-order interpretation of each predicate pi

A set of clauses is satisfiable if and only if it has a model
• This is the usual FOL satisfiability

𝒯-solution of a set of CHCs 𝛱 is a substitution 𝜎 from predicates pi to 𝒯-
formulas such that 𝛱𝜎 is 𝒯-valid

In the context of program verification

Program ⊨ 𝝋 iff 𝐶𝐻𝐶!"#$"%& → 𝜑

Inductive Invariant = Solution to CHC
Counter Example Trace = Resolution proof of CHC
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Example CHC: Is this SAT?

Yes! This set of clauses is satisfiable
The model is an extension of the standard model of arithmetic with:

Note that P(x) is definable by LIA predicate x <= 5

8x · x  0 =) P (x)

8x, x0 · P (x) ^ x < 5 ^ x0 = x+ 1 =) P (x0)

8x · P (x) ^ x � 10 =) false
<latexit sha1_base64="YG9B0l7ScMvzTIGCfhnRsxlVQdU="></latexit>

P (x) ⌘ {x | x  5}
⌘ {5, 4, 3, 2, . . .}

<latexit sha1_base64="UGOvc2iM4KsUW4TFfOynlS2pA9k="></latexit>
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Validating the solution

8x · x  0 =) P (x)

8x, x0 · P (x) ^ x < 5 ^ x0 = x+ 1 =) P (x0)

8x · P (x) ^ x � 10 =) false
<latexit sha1_base64="YG9B0l7ScMvzTIGCfhnRsxlVQdU="></latexit>

` 8x · x  0 =) x  5

` 8x, x0 · x  5 ^ x < 5 ^ x0 = x+ 1 =) x0  5

` 8x · x  5 ^ x � 10 =) false
<latexit sha1_base64="BsIFoxZgHWSR9TEhNi6cq+KmmZU="></latexit>

Original CHC

Validation of P(x) = {x | x <= 5}
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Example CHC: is this SAT?

No! This set of clauses is unsatisfiable

Justification is a refutation by resolution and instantiation

8x · x  0 =) Q(x)

8x, x0 ·Q(x) ^ x < 5 ^ x0 = x+ 1 =) Q(x0)

8x ·Q(x) ^ x � 2 =) false
<latexit sha1_base64="csNGkul2DdfKWFuxQZpoLFZaWi0="></latexit>
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Example CHC: is this SAT?
8x · x  0 =) Q(x)

8x, x0 ·Q(x) ^ x < 5 ^ x0 = x+ 1 =) Q(x0)

8x ·Q(x) ^ x � 2 =) false
<latexit sha1_base64="csNGkul2DdfKWFuxQZpoLFZaWi0="></latexit>

(x = 0)
8x · x  0 =) Q(x)

Q(0) 8x ·Q(x) ^ x < 5 =) Q(x+ 1)

Q(1)
8x ·Q(x) ^ x < 5 =) Q(x+ 1)

Q(2)
8x ·Q(x) ^ x � 2 =) false

false
<latexit sha1_base64="kTOYl9kN7Mj/YQWAYhgijYpKwnI="></latexit>

Refutation
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A Brief History of Modern CHC in MC

PLDI 2012 S. Grebenshchikov, N. P. Lopes, C. Popeea, A. Rybalchenko , “Synthesizing 
software verifiers from proof rules”
• Constrained Horn Clauses as input format for Software Model Checkers 

SAT 2012 K. Hoder, N. Bjørner , “Generalized Property Directed Reachability”
• IC3/PDR for SMT == Solving CHCs

SMT 2012 N. Bjørner, K. L. McMillan, A. Rybalchenko, “Program Verification as 
Satisfiability Modulo Theories”
• CHC format extension for SMT-LIB

CAV 2014 A. Komuravelli, G., S. Chaki, “SMT-Based Model Checking of Recursive 
Programs”
• First version of SPACER as an extension of GPDR in Z3

CAV 2015 G, T. Kahsai, A. Komuravelli, J. Navas , “The SeaHorn Verification 
Framework”
• First robust and efficient automated verification tool based on CHC solving 

2018 1st CHC-COMP, SPACER merged into Z3 master
• https://chc-comp.github.io/2018/
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Horn Clauses for Program Verification

Bjørner, Gurfinkel, McMillan, and Rybalchenko:

Horn Clause Solvers for Program Verification

De Angelis et al. Verifying Array 
Programs by Transforming 

Verification Conditions. VMCAI'14

Rybalchenko et al. Synthesizing Software 
Verifiers from Proof Rules. PLDI'12
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Hojjat et al. Horn Clauses for Communicating Timed 
Systems. HCVS'14

Horn Clauses for Concurrent / Distributed / 
Parameterized Systems

Rybalchenko et al. Synthesizing Software 
Verifiers from Proof Rules. PLDI'12

Hoenicke et al. Thread Modularity at Many 
Levels. POPL'17

Gurfinkel et al.  SMT-Based Verification of 
Parameterized Systems. FSE 2016
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Program Verification with HORN(LIA)
z = x; i = 0;

assume (y > 0);

while (i < y) {

z = z + 1; 

i = i + 1; 

}

assert(z == x + y);

z = x & i = 0 & y > 0 è Inv(x, y, z, i)

Inv(x, y, z, i) & i < y & z1=z+1 & i1=i+1 è Inv(x, y, z1, i1)

Inv(x, y, z, i) & i >= y & z != x+y è false

IS SAT?
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In SMT-LIB
(set-logic HORN)

;; Inv(x, y, z, i)

(declare-fun Inv ( Int Int Int Int) Bool)

(assert

(forall ( (A Int) (B Int) (C Int) (D Int))

(=> (and (> B 0) (= C A) (= D 0))

(Inv A B C D)))

)

(assert

(forall ( (A Int) (B Int) (C Int) (D Int) (C1 Int) (D1 Int) )

(=>

(and (Inv A B C D) (< D B) (= C1 (+ C 1)) (= D1 (+ D 
1)))

(Inv A B C1 D1)

)

)

)

(assert

(forall ( (A Int) (B Int) (C Int) (D Int))

(=> (and (Inv A B C D) (>= D B) (not (= C (+ A B))))

false

)

)

)

(check-sat)

(get-model)

$ z3 add-by-one.smt2
sat

(model

(define-fun Inv ((x!0 Int) (x!1 Int) (x!2 Int) (x!3 Int)) Bool

(and (<= (+ x!2 (* (- 1) x!0) (* (- 1) x!3)) 0)

(<= (+ x!2 (* (- 1) x!0) (* (- 1) x!1)) 0)

(<= (+ x!0 x!3 (* (- 1) x!2)) 0)))

)

Inv(x, y, z, i)

z  = x + i

z <= x + y
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Program Verification with HORN(LIA)
int inc(int z) { return z + 1; }

assume(x <= 0);

while (x < 5) {

x = inc(x);

}

assert(x < 10);

r = z + 1 è Inc(z, r)

x <= 0                      è Inv(x)

Inv(x) & x < 5 & Inc(x, y)  è Inv(y)

Inv(x) & x >= 5 & x >= 10 è false

IS SAT?
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In SMT-LIB
(set-logic HORN)

(set-option :fp.xform.inline_linear false)

(set-option :fp.xform.inline_eager false)

(declare-fun Inv ( Int ) Bool)

(declare-fun Inc ( Int Int ) Bool)

(assert (forall ((z Int)) (Inc z (+ z 1))))

(assert (forall ((x Int)) (=> (<= x 0) (Inv x))))

(assert (forall ((x Int) (y Int)) (=> (and (< x 5) (Inc x y)) 
(Inv y))))

(assert (forall ((x Int)) (=> (and (Inv x) (>= x 5) (>= x 10)) 
false)))

(check-sat)

(get-model)

$ z3 add-by-one-fn.smt2
sat

(

(define-fun Inc ((x!0 Int) (x!1 Int)) Bool

(not (>= (+ x!1 (* (- 1) x!0)) 2)))

(define-fun Inv ((x!0 Int)) Bool

(not (>= x!0 6)))

)

Inc(x0,x1) := 

x1 <= x0 + 1

Inv(x0) :=

x0 <= 5 
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Applications of CHCs

Prototyping different strategies and proof rules for verification
• verification by inductive invariants
• modular invariants
• predicate abstraction
• modular proof rules for concurrent systems
• verification of parameterized systems
• type inference for refinement type systems
• synthesis
• …
• create new verification tools by reducing to CHCs

Building automated verification tools
• SeaHorn, JayHorn, RustHorn, …
• SmartACE, SolCMC, …
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Logic-based Algorithmic Verification

Spacer

C/C++

SeaHorn
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Logic-based Algorithmic Verification

Spacer

CPR

Simulink

Lustre

Java

C/C++ concurrent 
/distributed 

systems

T2
Termination 

for C

SeaHorn

Smart 
Contracts
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Logic-based Algorithmic Verification (in 2022)

Spacer

Java

C/C++

SeaHorn

SolCMC
@ CAV2022

RustHorn

Simulink

SmartACE

SolType

Rust

Solidity

MESSY

Synthesis

Data Trees
@ CAV2022
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Current State of CHC Solving

Multiple mature solvers using competing techniques and algorithms
• Spacer (in Z3), Eldarica, FreqHorn, Golem, …

Annual competition 
• CHC-COMP: https://chc-comp.github.io/
• in 2022, 7 tracks with 5+1 solvers

Growing collection of benchmarks
• maintained by CHC-COMP
• established (simplified) format
• organized in separate repos under https://github.com/chc-comp

Growing number of academic and industrial users
• SeaHorn, JayHorn, RustHorn, MESSY, SolType, SolC SMTChecker, …

https://chc-comp.github.io/
https://github.com/chc-comp
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SOLVING CONSTRAINED 
HORN CLAUSES
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A little bit of complexity

Satisfiability of CHC over most interesting theories is undecidable
• e.g., CHC(Linear Real Arithmetic), CHC(Linear Integer Arithmetic)
• proof: many easy reductions, for example, counter automata

Satisfiability of Linear CHC over Propositional logic is decidable
• Finite state model checking of transition systems
• Complexity: linear in the size of the graph induced by the transition system

Satisfiability of Non-Linear CHC over Propositional logic is decidable
• Finite state model checking of pushdown systems
• Complexity: cubic in the size of the pushdown system

Decidability of some classes of CHC: Difference arithmetic (= timed automata)
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Procedures for Solving CHC(T)

Predicate abstraction by lifting Model Checking to HORN
• QARMC, Eldarica, …

Maximal Inductive Subset from a finite Candidate space (Houdini)
• TACAS’18: hoice, FreqHorn

Machine Learning
• PLDI’18: sample, ML to guess predicates, DT to guess combinations

Abstract Interpretation (Poly, intervals, boxes, arrays…)
• Approximate least model by an abstract domain (SeaHorn, …)

Interpolation-based Model Checking
• Duality, QARMC, …

SMT-based Unbounded Model Checking (building on IC3/PDR)
• SPACER, Implicit Predicate Abstraction
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Spacer: Solving SMT-constrained CHC

Spacer: SAT procedure for SMT-constrained Horn Clauses
• now the default CHC solver in Z3 
– https://github.com/Z3Prover/z3
– dev branch at https://github.com/agurfinkel/z3

Supported SMT-Theories
• Linear Real and Integer Arithmetic
• Quantifier-free theory of arrays
• Universally quantified theory of arrays + arithmetic
• Good support for many other SMT-theories
– bit-vectors, ADT, recursive functions, …

Supports Non-Linear CHC
• for procedure summaries in inter-procedural verification conditions
• for compositional reasoning: abstraction, assume-guarantee, thread modular, 

etc.

https://github.com/Z3Prover/z3
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A Magician’s Guide to Solving Undecidable 
Problems
Develop a procedure P for a decidable problem

Show that P is a decision procedure for the problem
• e.g., model checking of finite-state systems

Choose one of
• Always terminate with some answer (over-approximation)
• Always make useful progress (under-approximation)

Extend procedure P to procedure Q that “solves” the undecidable 
problem
• Ensure that Q is still a decision procedure whenever P is
• Ensure that Q either always terminates or makes progress
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SPACER’s guiding principles for solving CHCs

Make Progress
• always make progress
• if input CHC is unsatisfiable, after enough time, the solving procedure must 

terminate with UNSAT
• e.g., examine longer and longer resolution proofs (i.e., unfoldings)

Keep Decidability
• decision procedure for decidable fragments
• usually, we ensure that solving procedures are decision procedures for CHC 

over Propositional logic (i.e., finite state model checking)
• ”sharpen” decidability result based on specific domain (i.e., LIA, ADT, etc.)
• many open decidability questions remain
– e.g., is Spacer a decision procedure for (encoding) of timed automata? 
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IC3, PDR, and friends

𝑰𝒏𝒊𝒕 𝑻𝒓 𝑻𝒓 ¬𝑩𝒂𝒅
Finite State Machines

(HW model checking)

[Bradley, VMCAI 2011]
𝑰𝒏𝒊𝒕 𝑻𝒓 𝑻𝒓 ¬𝑩𝒂𝒅

Push Down Machines

(SW model checking)

[Hoder&Bjørner, SAT 2012]
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Verification by Incremental Generalization

A counterexample 
of length N 

exists?
SMT

Generalize proof

SMT

No + bounded proof

candidate
Inv

Is a safe inductive 
invariant?

SMT

No, N:=N+1Yes

YES

T, N=0
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SPACER

32

Generate 
predecessor

Learn 
reachable 

state

Learn 
lemma

Is 𝑷𝑶𝑩 reachable?
𝑷𝑶𝑩

𝑷𝑶𝑩’

Is 𝑷𝑶𝑩′
reachable? 

Reachable 
states 

intersect 
with 𝑷𝑶𝑩 ? 

Lemmas 
block𝑷𝑶𝑩 ?

YES

YESYES

NONO
NO

NOYES

IC3-style search for solutions to 
CHCs

Works by recursively blocking 
proof obligations (POB)

POB
• BAD states
• Predecessors to BAD 

states

Generate predecessors using 
quantifier elimination (Model 
Based Projection)
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Linear CHC Satisfiability

Satisfiability of a set of linear CHCs is reducible to satisfiability of 
THREE clauses of the form

where, X’ = {x’ | x in X},  P a fresh predicate, and Init, Bad, and Tr are 
constraints
Proof:
add extra arguments to distinguish between predicates

Q(y) ∧ tau ® W(y, z) 

P(id=‘Q’, y) ∧ tau ® P(id=‘W’, y, z)

Init(X) ! P (X)

P (X) ^ Tr(X,X 0) ! P (X 0)

P (X) ! ¬Bad(X)
<latexit sha1_base64="BdK7ZLhqlEjxQr1ek7aZ107Qm6c="></latexit><latexit sha1_base64="BdK7ZLhqlEjxQr1ek7aZ107Qm6c="></latexit><latexit sha1_base64="BdK7ZLhqlEjxQr1ek7aZ107Qm6c="></latexit><latexit sha1_base64="BdK7ZLhqlEjxQr1ek7aZ107Qm6c="></latexit>
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IC3/PDR In Pictures: Search for Finite Cexs
𝑥 = 1, 𝑦 = 0𝑥 = 3, 𝑦 = 0

𝑥 < 𝑦

find M s.t. M |= Fi ^ Tr ^m0

find m s.t. (M |= m) ^ (m =) 9V 0 · Tr ^m0)
<latexit sha1_base64="sLrE009/tf3hiKW2gohLxw90A9E="></latexit><latexit sha1_base64="sLrE009/tf3hiKW2gohLxw90A9E="></latexit><latexit sha1_base64="sLrE009/tf3hiKW2gohLxw90A9E="></latexit><latexit sha1_base64="sLrE009/tf3hiKW2gohLxw90A9E="></latexit>

find ` s.t. (Fi ^ Tr =) `0) ^ (` =) ¬m)
<latexit sha1_base64="6qJCVOgrIBnK0N7Mq4A3TL/D18w="></latexit><latexit sha1_base64="6qJCVOgrIBnK0N7Mq4A3TL/D18w="></latexit><latexit sha1_base64="6qJCVOgrIBnK0N7Mq4A3TL/D18w="></latexit><latexit sha1_base64="6qJCVOgrIBnK0N7Mq4A3TL/D18w="></latexit>

Predecessor

NewLemma
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Inductive

IC3/PDR in Pictures: Is Inductive

Algorithm Invariants

𝑰𝒏𝒊𝒕 ⊆ 𝑭𝒊 𝑭𝒊 ⊆ 𝑩𝒂𝒅

𝑭𝒊 ⊆ 𝑭𝒊%𝟏 𝑭𝒊 ∩ 𝑻𝒓𝒊 ⊆ 𝑭𝒊%𝟏'

SMT-query: ` ` ^ Fi ^ Tr =) `0
<latexit sha1_base64="pPGHbC/yxEdFDozsjCr3F+WJBk4="></latexit><latexit sha1_base64="pPGHbC/yxEdFDozsjCr3F+WJBk4="></latexit><latexit sha1_base64="pPGHbC/yxEdFDozsjCr3F+WJBk4="></latexit><latexit sha1_base64="pPGHbC/yxEdFDozsjCr3F+WJBk4="></latexit>
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IC3/PDR: Solving Linear (Propositional) CHC
Unreachable and Reachable
• terminate the algorithm when a solution is found

Unfold
• increase search bound by 1

Candidate
• choose a bad state in the last frame

Predecessor
• extend a pob (backward) consistent with the current frame
• choose an assignment s s.t. (𝑠 ⋀ 𝐹𝑖 ⋀ 𝑇𝑟 ⋀ 𝑝𝑜𝑏’) is SAT

NewLemma
• construct a lemma to explain why pob cannot be extended
• Find a clause L s.t. 𝐿 ⇒ ¬𝑝𝑜𝑏 ,  𝐼𝑛𝑖𝑡 ⇒ 𝐿 , and 𝐹𝑖 ⋀ 𝑇𝑟 ⇒ 𝐿’

Induction
• propagate a lemma as far into the future as possible
• (optionally) strengthen by dropping literals 
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Extending IC3/PDR to CHC Solving

Theories with infinitely many models
• infinitely many satisfying assignments
• can’t simply enumerate (when computing predecessor)
• can’t block one assignment at a time (when blocking)

Non-Linear Horn Clauses
• multiple interdependent predecessors
• when a CHC clause depends on multiple predicates

CHC solving is undecidable in general
• want an algorithm that makes progress
• doesn’t get stuck in a decidable sub-problem
• guaranteed to find a counterexample (if it exists)
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IC3/PDR: Solving Linear (Propositional) CHC
Unreachable and Reachable
• terminate the algorithm when a solution is found

Unfold
• increase search bound by 1

Candidate
• choose a bad state in the last frame

Predecessor
• extend a pob (backward) consistent with the current frame
• choose an assignment s s.t. (𝑠 ⋀ 𝐹𝑖 ⋀ 𝑇𝑟 ⋀ 𝑝𝑜𝑏’) is SAT

NewLemma
• construct a lemma to explain why pob cannot be extended
• Find a clause L s.t. 𝐿 ⇒ ¬𝑝𝑜𝑏 ,  𝐼𝑛𝑖𝑡 ⇒ 𝐿 , and 𝐹𝑖 ⋀ 𝑇𝑟 ⇒ 𝐿’

Induction
• propagate a lemma as far into the future as possible
• (optionally) strengthen by dropping literals 

Theory 
dependent
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NEW LEMMA (SPACER)

Looking for 𝜑’

𝑭𝒊 ∧ 𝑻𝒓 ∨ 𝑰𝒏𝒊𝒕" ⇒ 𝝋", 𝝋" ⇒ ¬𝒑𝒐𝒃′
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Spacer: NewLemma Rule

Proof obligation (pob)  is blocked using Craig Interpolation
• summarizes the reason why the pob cannot be extended

Generalization is not inductive
• weaker than IC3/PDR
• inductive generalization for arithmetic is still an open problem

<latexit sha1_base64="DGsG+Qngu0t2JXKRX8AMXt0d+vI="></latexit>

Notation: F(A) = (A(X) ^ Tr) _ Init(X 0).

NewLemma For 0  i < N , given a proof obligation hP, i+ 1i 2 Q s.t.
F(Fi) ^ P 0 is unsatisfiable, add P " = Itp(F(Fi), P 0) to Fj for j  i+ 1.
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Interpolation in Spacer

Much simpler than general interpolation problem for A ∧ B
• B is always a conjunction of literals (B is the pob)
• A is dynamically split into DNF by the SMT solver (A is the constraint)
• the signature of B is shared with the signature of A

Interpolation algorithm is reduced to analyzing all theory lemmas in a 
proof produced by the SMT solver
• every theory-lemma that mixes B-pure literals with other literals is interpolated 

to produce a single literal in the final solution
• interpolation is restricted to clauses of the form (∧ Bi ⇒ ⋁ Aj)

Interpolating (UNSAT) Cores 
• improve interpolation algorithms and definitions to the specific case of Spacer
• classical interpolation focuses on eliminating non-shared symbols
• in Spacer, the focus is on finding good generalizations
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PREDECESSOR
Computing a predecessor s of a proof obligation pob

𝒔 ⊆ 𝒑𝒓𝒆 𝒑𝒐𝒃
≡

𝒔 ⇒ ∃𝑿!. 𝑻𝒓(𝑿, 𝑿!) ∧ 𝒑𝒐𝒃(𝑿!)
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Model Based Projection

Definition: Let 𝜑 be a formula, 𝑋 a set of variables, and 𝑀 a 
model of 𝜑. Then  𝜓 = 𝑀𝐵𝑃 (𝑋,𝑀, 𝜑) is a Model Based 
Projection of 𝑋,𝑀, 𝜑 iff

1. 𝜓 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑙𝑖𝑡𝑒𝑟𝑎𝑙𝑠
2. 𝑉𝑎𝑟𝑠 𝜓 ⊆ 𝑉𝑎𝑟𝑠 𝜑 ∖ 𝑋
3. 𝑀 ⊧ 𝜓
4. 𝜓 ⇒ ∃ 𝑋 . 𝜑

Model Based Projection under-approximates existential 
quantifier elimination relative to a given model (i.e., satisfying 
assignment)
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1. Find  model M of φ (x,y)

 (y) ⌘ 9x · '(x, y)Expensive to find a quantifier-free

9x · '(x, y)Models of

2. Compute a disjunct of ∃x.φ
containing M

Model Based Projection

M

<latexit sha1_base64="JZvz7yhUllwoJTYV6kBKhdXk5ys="></latexit>

9x · ' ⌘  1 _  2 _  3 _  4 _  5 _  6

ψ1

ψ2

ψ3

ψ4

ψ5

ψ6
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Fourier–Motzkin Quantifier Elimination for LRA

Quadratic increase in the formula size per each eliminated variable

9x ·
V

i si < x ^
V

j x < tj

=
V

i

V
j resolve(si < x, x < tj , x)

=
V

i

V
j si < tj

<latexit sha1_base64="rjZjxXuUAsaonZD0ZCI2QF7eydA="></latexit><latexit sha1_base64="vKimIqDhaQfNPQM4RpJulQTQpys="></latexit><latexit sha1_base64="vKimIqDhaQfNPQM4RpJulQTQpys="></latexit><latexit sha1_base64="q7tS5eBwordB5P4c9vJiRgXgdfA="></latexit>
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Fourier-Motzkin by Example
<latexit sha1_base64="r42l2cwos3p6S66xgdx05KmiEKY="></latexit>

9x· s0 < x ^ s1 < x ^ s2 < x ^
x < t0 ^ x < t1 ^ x < t2

<latexit sha1_base64="zmIo6vobf9HOaAo2adJmGnc2YCY=">AAACanicbZHLSgMxFIYz461Wq7WCIt0Eq+CqTIaiLlwU3bisYC/QGYZMmrahmcyQZIQydOEruvMJ3PgQphehTj2Q8J9zvkOSP2HCmdKO82nZW9s7u3uF/eLBYenouHxS6ag4lYS2Scxj2QuxopwJ2tZMc9pLJMVRyGk3nDzN+903KhWLxaueJtSP8EiwISNYm1JQfleBAx+gNrvHsRhAFaBc7i5zzyv+sijHohyL1lg3x7o51g3KNafuLAJuCrQSNbCKVlD+8AYxSSMqNOFYqT5yEu1nWGpGOJ0VvVTRBJMJHtG+kQJHVPnZwqoZvDaVARzG0iyh4aK6PpHhSKlpFBoywnqs8r158b9eP9XDez9jIkk1FWR50DDlUMdw7jscMEmJ5lMjMJHM3BWSMZaYaPM7RWMCyj95U3TcOrqtN14atebjyo4CqIJLcAMQuANN8AxaoA0I+LJK1pl1bn3bFfvCri5R21rNnII/YV/9AMBOsEY=</latexit>

s0 < t0 ^ s1 < t0 ^ s2 < t0

s0 < t1 ^ s1 < t1 ^ s2 < t1

s0 < t2 ^ s1 < t2 ^ s2 < t2

<latexit sha1_base64="KEvQexeMZN2K/9pFfnMRSTBnYGQ=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkUcCGzI79MLI7M46M0tCCP/gxYPGePV/vPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooWWqGNaZFFK1AqpR8BjrhhuBrUQhjQKBzWB4O/ObI1Say/jBjBP0I9qPecgZNVZqdPAp5aNuseSW3TnIKvEyUoIMtW7xq9OTLI0wNkxQrduemxh/QpXhTOC00Ek1JpQNaR/blsY0Qu1P5tdOyZlVeiSUylZsyFz9PTGhkdbjKLCdETUDvezNxP+8dmrCa3/C4yQ1GLPFojAVxEgye530uEJmxNgSyhS3txI2oIoyYwMq2BC85ZdXSeOi7F2WK/eVUvUmiyMPJ3AK5+DBFVThDmpQBwaP8Ayv8OZI58V5dz4WrTknmzmGP3A+fwDFKY9F</latexit>⌘
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Quantifier Elimination with Assumptions

Quantifier elimination is simplified by a choice of a minimal upper bound
• For each choice of minimal upper bound, no increase in term size
• Dually, can use largest lower bound 

How to chose the assumptions?!
• MBP == use the order chosen by the model

⇣V
j 6=0 t0  tj

⌘
^ 9x ·

V
i si < x ^

V
j x < tj

=
⇣V

j 6=0 t0  tj
⌘
^
V

i resolve(si < x, x < t0, x)

=
⇣V

j 6=0 t0  tj
⌘
^
V

i si < t0
<latexit sha1_base64="TA4Ih8Oxl/Cd4na6/1/CfeLfXUI="></latexit><latexit sha1_base64="BZ54v19GCgo3zQGbQ/UBOCmzzZw="></latexit><latexit sha1_base64="BZ54v19GCgo3zQGbQ/UBOCmzzZw="></latexit><latexit sha1_base64="w2P7wIwr00Ys/RU1cLyZGPRe96s="></latexit>
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MBP Example
<latexit sha1_base64="r42l2cwos3p6S66xgdx05KmiEKY="></latexit>

9x· s0 < x ^ s1 < x ^ s2 < x ^
x < t0 ^ x < t1 ^ x < t2

<latexit sha1_base64="PsB7eV5IXvz/W+c5Z3tmVCzP4A0=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFe4kqGXQxsIigvnAJIS9zV6yZG/32J1TwpF/YWOhiK3/xs5/4ya5QhMfDDzem2FmXhALbtDzvp3cyura+kZ+s7C1vbO7V9w/aBiVaMrqVAmlWwExTHDJ6shRsFasGYkCwZrB6HrqNx+ZNlzJexzHrBuRgeQhpwSt9NC5ZSESrdVTr1jyyt4M7jLxM1KCDLVe8avTVzSJmEQqiDFt34uxmxKNnAo2KXQSw2JCR2TA2pZKEjHTTWcXT9wTq/TdUGlbEt2Z+nsiJZEx4yiwnRHBoVn0puJ/XjvB8LKbchknyCSdLwoT4aJyp++7fa4ZRTG2hFDN7a0uHRJNKNqQCjYEf/HlZdI4K/vn5cpdpVS9yuLIwxEcwyn4cAFVuIEa1IGChGd4hTfHOC/Ou/Mxb8052cwh/IHz+QO8eJD5</latexit>(
<latexit sha1_base64="SYzp0G2/tqzr3PmHdaoxeXAcTDo="></latexit>

(t0 < t1 ^ t0 < t2)
^

(s0 < t0 ^ s1 < t0 ^ s2 < t0)

an assumption

qelim under the 
assumption
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MBP for Linear Rational Arithmetic

Input: a formula F, variable x, a model M of F

Use the model M to pick the right assumption to eliminate x

Mbpx(M,x = s ^ L) = L[x s]

Mbpx(M,x 6= s ^ L) = Mbpx(M, s < x ^ L) if M(x) > M(s)

Mbpx(M,x 6= s ^ L) = Mbpx(M,�s < �x ^ L) if M(x) < M(s)

Mbpx(M,
^

i

si < x ^
^

j

x < tj) =
^

i

si < t0 ^
^

j

t0  tj where M(t0) M(ti), 8i

N. Bjørner, M. Janota: Playing with Quantified Satisfaction. LPAR (short papers) 2015
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Spacer: Predecessor Rule

Compute a predecessor pob using Model Based Projection

To ensure progress, Predecessor must be finite
• finitely many possible pob predecessors when all other arguments are fixed

<latexit sha1_base64="GtYRsh8b5Ixy0JYUC97hZu5T4J4="></latexit>

Notation: F(A) = (A(X) ^ Tr) _ Init(X 0).

Predecessor If hP, i+ 1i 2 Q and there is a model m(X,X 0) s.t.
m |= F(Fi) ^ P 0, add hP#, ii to Q, where P# = MBP (X 0,m,F(Fi) ^ P 0).
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Spacer: Solving CHC(LRA)

Unreachable and Reachable
• terminate the algorithm when a solution is found

Unfold
• increase search bound by 1

Candidate
• choose a bad state in the last frame

Predecessor
• extend a pob (backward) consistent with the current frame
• find a model M of s s.t. (Fi ⋀ Tr ⋀ pob’), and let s = MBP(X’, Fi ⋀ Tr ⋀ pob’)

NewLemma
• construct a lemma to explain why pob cannot be extended
• Find an interpolant L s.t. L⇒¬pob ,  Init ⇒ L , and Fi ⋀ Tr ⇒ L’

Induction
• propagate a lemma as far into the future as possible
• (optionally) strengthen by dropping literals 
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Non-Linear CHC Satisfiability

Satisfiability of a set of arbitrary (i.e., linear or non-linear) CHCs is 
reducible to satisfiability of THREE (3) clauses of the form

where, X’ = {x’ | x in X}, Xo = {xo | x in X}, P a fresh predicate, and Init, 
Bad, and Tr are constraints

Init(X) ! P (X)

P (X) ^ P (Xo) ^ Tr(X,Xo, X 0) ! P (X 0)

P (X) ! ¬Bad(X)
<latexit sha1_base64="XpMZmaAPeWz+QsqlpeLOShFj5ws="></latexit><latexit sha1_base64="XpMZmaAPeWz+QsqlpeLOShFj5ws="></latexit><latexit sha1_base64="XpMZmaAPeWz+QsqlpeLOShFj5ws="></latexit><latexit sha1_base64="XpMZmaAPeWz+QsqlpeLOShFj5ws="></latexit>
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Multiple Predecessor POBs

How to compute a predecessor for a proof obligation z > 0

Predecessor over the constraint is:

Need to create two different proof obligations
• one for P(x) and one for P(y)
• project y using MBP for P(x)
• project x using MBP for P(y)

P (x) ^ P (y) ^ x > y ^ z = x+ y =) P (z)
<latexit sha1_base64="EYxdBU2mvydecz66ADQ3X2TF5II=">AAACInicbZBNS8NAEIY3ftb6FfXoZbEILUJJRFAPStGLxwj2A9pQNpttu3SzCbsbaVr6W7z4V7x4UNST4I9x00bQ1oGFZ96ZYWdeL2JUKsv6NBYWl5ZXVnNr+fWNza1tc2e3JsNYYFLFIQtFw0OSMMpJVVHFSCMSBAUeI3Wvf53W6/dESBryO5VExA1Ql9MOxUhpqW2eO8VBCbYY4j50iskPDuAlTDIewgudH6U5DfROROrOYaltFqyyNQk4D3YGBZCF0zbfW36I44BwhRmSsmlbkXJHSCiKGRnnW7EkEcJ91CVNjRwFRLqjyYljeKgVH3ZCoR9XcKL+nhihQMok8HRngFRPztZS8b9aM1adM3dEeRQrwvH0o07MoAph6hf0qSBYsUQDwoLqXSHuIYGw0q7mtQn27MnzUDsu21bZvj0pVK4yO3JgHxyAIrDBKaiAG+CAKsDgATyBF/BqPBrPxpvxMW1dMLKZPfAnjK9v6bagNQ==</latexit><latexit sha1_base64="EYxdBU2mvydecz66ADQ3X2TF5II=">AAACInicbZBNS8NAEIY3ftb6FfXoZbEILUJJRFAPStGLxwj2A9pQNpttu3SzCbsbaVr6W7z4V7x4UNST4I9x00bQ1oGFZ96ZYWdeL2JUKsv6NBYWl5ZXVnNr+fWNza1tc2e3JsNYYFLFIQtFw0OSMMpJVVHFSCMSBAUeI3Wvf53W6/dESBryO5VExA1Ql9MOxUhpqW2eO8VBCbYY4j50iskPDuAlTDIewgudH6U5DfROROrOYaltFqyyNQk4D3YGBZCF0zbfW36I44BwhRmSsmlbkXJHSCiKGRnnW7EkEcJ91CVNjRwFRLqjyYljeKgVH3ZCoR9XcKL+nhihQMok8HRngFRPztZS8b9aM1adM3dEeRQrwvH0o07MoAph6hf0qSBYsUQDwoLqXSHuIYGw0q7mtQn27MnzUDsu21bZvj0pVK4yO3JgHxyAIrDBKaiAG+CAKsDgATyBF/BqPBrPxpvxMW1dMLKZPfAnjK9v6bagNQ==</latexit><latexit sha1_base64="EYxdBU2mvydecz66ADQ3X2TF5II=">AAACInicbZBNS8NAEIY3ftb6FfXoZbEILUJJRFAPStGLxwj2A9pQNpttu3SzCbsbaVr6W7z4V7x4UNST4I9x00bQ1oGFZ96ZYWdeL2JUKsv6NBYWl5ZXVnNr+fWNza1tc2e3JsNYYFLFIQtFw0OSMMpJVVHFSCMSBAUeI3Wvf53W6/dESBryO5VExA1Ql9MOxUhpqW2eO8VBCbYY4j50iskPDuAlTDIewgudH6U5DfROROrOYaltFqyyNQk4D3YGBZCF0zbfW36I44BwhRmSsmlbkXJHSCiKGRnnW7EkEcJ91CVNjRwFRLqjyYljeKgVH3ZCoR9XcKL+nhihQMok8HRngFRPztZS8b9aM1adM3dEeRQrwvH0o07MoAph6hf0qSBYsUQDwoLqXSHuIYGw0q7mtQn27MnzUDsu21bZvj0pVK4yO3JgHxyAIrDBKaiAG+CAKsDgATyBF/BqPBrPxpvxMW1dMLKZPfAnjK9v6bagNQ==</latexit><latexit sha1_base64="EYxdBU2mvydecz66ADQ3X2TF5II=">AAACInicbZBNS8NAEIY3ftb6FfXoZbEILUJJRFAPStGLxwj2A9pQNpttu3SzCbsbaVr6W7z4V7x4UNST4I9x00bQ1oGFZ96ZYWdeL2JUKsv6NBYWl5ZXVnNr+fWNza1tc2e3JsNYYFLFIQtFw0OSMMpJVVHFSCMSBAUeI3Wvf53W6/dESBryO5VExA1Ql9MOxUhpqW2eO8VBCbYY4j50iskPDuAlTDIewgudH6U5DfROROrOYaltFqyyNQk4D3YGBZCF0zbfW36I44BwhRmSsmlbkXJHSCiKGRnnW7EkEcJ91CVNjRwFRLqjyYljeKgVH3ZCoR9XcKL+nhihQMok8HRngFRPztZS8b9aM1adM3dEeRQrwvH0o07MoAph6hf0qSBYsUQDwoLqXSHuIYGw0q7mtQn27MnzUDsu21bZvj0pVK4yO3JgHxyAIrDBKaiAG+CAKsDgATyBF/BqPBrPxpvxMW1dMLKZPfAnjK9v6bagNQ==</latexit>

9z · x > y ^ z = x+ y ^ z > 0
= x > y ^ x+ y > 0

<latexit sha1_base64="MG3plzek6+YlQMPZAPDrgzA7lvo="></latexit><latexit sha1_base64="sH6kO+Ymm0XHYrs7WCk2Ocxg/10="></latexit><latexit sha1_base64="sH6kO+Ymm0XHYrs7WCk2Ocxg/10="></latexit><latexit sha1_base64="wxjw4swwlwjORmsiCijnlSFT1JM="></latexit>



56 56

Search non-linear CHC

In Predecessor, unfold the derivation tree in a fixed depth-first order
• use MBP to create new pobs

Successor: Learn new facts (reachable states) on the way up
• use MBP to propagate facts bottom up

Le
ve

l
Bad
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Spacer
Pob queue as in 

IC3/PDR

NewLemma rule 
uses ITP

Successor and two 
Predecessor rules

use MBP

Cache Reachable 
states

A. Komuravelli, G., S. Chaki: SMT-Based Model Checking for Recursive Programs. CAV 2014



58 58

The Curse of 
Interpolantion

INTERPOLANTS

Hari Govind V. K., J. Chen, S. Shoham, G.; Global Guidance for Local Generalization in Model Checking. CAV 2020



Generalizing from single predecessors
results in limited exploration horizon

Generalization typically relies on interpolation

Interpolation can work wonders!
e.g., generate breakthrough terms like equality: a = b

60

Spacer Tom ONLY knows how to do

Local reasoning



Not aware of the structure of the inductive proof so far

Interpolant is very much dependent
on heuristics in the underlying SMT engine

a + b < 4 is just as likely as a = b

Crucial in infinite-state systems than in finite-state systems
there are usually infinitely many generalizations to choose from

61

Ground Control to Spacer Tom:

We've got a PROBLEM!
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Spacer Tom can be MISSGUIDED!

As illustrated by 

Myopic generalization

Excessive generalization

Getting stuck in a rut



a, c = 0;
b, d = 0;

while (nd()) {

inv: (a - c = b – d)

if (nd()) {a++; b++;} 
else {c++; d++;}

}
assert (a < c ⇒ b < d);

nd() returns a non-deterministic Boolean value.

63

Spacer Tom can be MISSGUIDED!

Myopic Generalization
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a, c = 0;
b, d = 0;
while (nd()) {

inv: (a - c = b – d)

if (nd()) {a++; b++;} 
else {c++; d++;}
}
assert (a < c ⇒ b < d);



a – c < 0
⇒ b – d < 0

65

a, c = 0;
b, d = 0;
while (nd()) {

inv: (a - c = b – d)

if (nd()) {a++; b++;} 
else {c++; d++;}
}
assert (a < c ⇒ b < d);



a – c < 0
⇒ b – d < 0

a < c
⇒ b < d
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a, c = 0;
b, d = 0;
while (nd()) {

inv: (a - c = b – d)

if (nd()) {a++; b++;} 
else {c++; d++;}
}
assert (a < c ⇒ b < d);



a – c < 0
⇒ b – d < 0

a – c < 1
⇒ b – d < 1

a – c < -1
⇒ b – d < -1
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a, c = 0;
b, d = 0;
while (nd()) {

inv: (a - c = b – d)

if (nd()) {a++; b++;} 
else {c++; d++;}
}
assert (a < c ⇒ b < d);



a – c < 0
⇒ b – d < 0

a – c < 1
⇒ b – d < 1

a – c < -1
⇒ b – d < -1

a – c < 2
⇒ b – d < 2

a – c < -2
⇒ b – d < -2
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a, c = 0;
b, d = 0;
while (nd()) {

inv: (a - c = b – d)

if (nd()) {a++; b++;} 
else {c++; d++;}
}
assert (a < c ⇒ b < d);



a – c < 0
⇒ b – d < 0

a – c < 1
⇒ b – d < 1

a – c < -1
⇒ b – d < -1

a – c < 2
⇒ b – d < 2

a – c < -2
⇒ b – d < -2

a – c < 3
⇒ b – d < 3

a – c < -3
⇒ b – d < -3
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a, c = 0;
b, d = 0;
while (nd()) {

inv: (a - c = b – d)

if (nd()) {a++; b++;} 
else {c++; d++;}
}
assert (a < c ⇒ b < d);
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Data Driven Generalization & Lemma Discovery

Global view of the current solver state
• group lemmas (and pobs) based on syntactic/semantic similarity
– we currently use anti-unification on interpreted constants

• detect whenever global proof is diverging and mitigate

One lemma to rule them all
• merge lemmas in group to form a single universal lemma
• interpolation and inductive generalization can be applied to generalize further
• new lemma reduces the global proof by blocking all POBs in its group

Reduce, reuse, recycle
• under-approximate groups that cannot be merged in current theory
• learn multiple (simple) lemmas to block a (complex) proof obligation



POB Queue Lemma Trace

𝓞𝑖⟨𝛼, 𝑖 + 1⟩

ℓ

⟨𝛼=, 𝑖⟩

⟨𝛾, 𝑡⟩

⟨𝜑, 𝑗⟩ ℒ ⊆ 𝓞k

𝜓

71

ℓ

Ground Control to Spacer Tom:

Global Guidance
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Ground Control to Spacer Tom:

Global Guidance trinity

Subsume

Concretize Conjecture

combine multiple 
lemmas into one

simplify terms by 
concrete values

drop literals that 
are in the way
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1st Global Guidance to GSpacer Tom:

Subsume Rule

if (∃𝜓 ⋅ ∀ℓ ∈ ℒ ⋅ 𝜓 ⇒ ℓ) then 
add 𝜓 to trace
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1st Global Guidance to GSpacer Tom:

Subsume Rule

if (∃𝜓 ⋅ ∀ℓ ∈ ℒ ⋅ 𝜓 ⇒ ℓ) then 
add 𝜓 to trace
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1st Global Guidance to GSpacer Tom:

Subsume Rule

if (∃𝜓 ⋅ ∀ℓ ∈ ℒ ⋅ 𝜓 ⇒ ℓ) then 
add 𝜓 to trace
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1st Global Guidance to GSpacer Tom:

Subsume Rule

if (∃𝜓 ⋅ ∀ℓ ∈ ℒ ⋅ 𝜓 ⇒ ℓ) then 
add 𝜓 to trace



a – c 

b – d
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a – c

a – c < 0 
⇒ b – d < 0

a – c < 1 
⇒ b – d < 1

a – c < -1 
⇒ b – d < -1

ℓE

ℓF

ℓG

Subsume Rule in Action:

Subsume Rule on LIA



a – c < 0
∧ b – d > 0

a – c < 1
∧ b – d > 1

a – c < -1
∧ b – d > -1

a – c 

b – d

78

¬ℓG

¬ℓF

¬ℓE

Subsume Rule in Action:

Subsume Rule on LIA



a – c 

b – d

a – c < b - d 
∧ b – d > -1 
∧ a – c < 1

79

Subsume Rule in Action:

Subsume Rule on LIA



a – c 

b –
d

a – c < b - d
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Subsume Rule in Action:

Subsume Rule on LIA



a – c 

b – d

81

a –
c
a – c

𝜓

Subsume Rule in Action:

Subsume Rule on LIA
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Summary of Subsume Rule in Spacer

In general, subsume rule requires
• a method to cluster lemmas/pobs together to discover common pattern
• i.e., multiple lemmas are different instances of some more general pattern
• a method to merge lemmas into  a single lemma that strengthens all lemmas 

in a cluster
For LIA, we implement subsume as follows
• clustering: anti-unification on constants
• two lemmas are cluster if they only differ in some numeric constants
• merge: convex closure (CC)
• implement CC symbolically using quantifier elimination, approximate by MBP

Integrated in Spacer via the strategy
– cluster lemmas as they are learned
– when the cluster is large enough, merge and create a conjecture
– add conjecture as may pob
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POB Queue Lemma Trace

𝓞𝑖⟨𝛼, 𝑖 + 1⟩

ℓ

⟨𝛼=, 𝑖⟩
⟨𝛾, 𝑡⟩

⟨𝜑, 𝑗⟩ ℒ ⊆ 𝓞k

𝜓
ℓ

Ground Control to Spacer Tom:

Global Guidance

SubsumeConcretize
Conjecture
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Implementation and Evaluation

Implemented in Spacer (still PR in Z3)
• https://github.com/Z3Prover/z3/pull/6026

Supports
• Linear Integer Arithmetic, Linear Real Arithmetic
• Linear and Non-linear CHCs
• (in progress) Quantified Arrays and Fixed-Size Bit-Vectors

Evaluated on LIA instances from CHC-COMP

https://github.com/Z3Prover/z3/pull/6026
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Evaluation on CHC-COMP

fw and bw are different interpolation strategies 
sc configuration disables interpolation

GSpacer won 3 of the 4 tracks at CHC-COMP 2020

No interpolation!
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Linear Arbitrary (LArb) from PLDI 18

Data-driven, machine learning based 
invariant inference algorithm

Evaluation showed promise on 
a subset of SV-COMP benchmarks

H. Zhu, S. Magill, S. Jagannathan: A data-driven CHC solver. PLDI 2018
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GSpacer versus LArb

On CHC-COMP instnaces, LArb is not competitive even against Spacer 
w/o global guidance

Instead, we compare GSpacer and LArb on benchmarks from PLDI’18 
paper

VB stands for virtual best



Global guidance technique to mitigate limitations of local 
reasoning
Stable under different interpolation strategies
Data driven guidance for MC is better than both invariant 
inference and local reasoning

89

Conclusion

POB 
Queue Lemma Trace

Ground Control to Spacer Tom:

Global Guidance

SubsumeConcretize
Conjecture

a
–
c
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CHC MODULO BIT-VECTORS

Hari Govind V. K., G. Fedyukovich, G: Word Level Property Directed Reachability. ICCAD 2020



Motivating example

Predecessors to Bad states:
(x = -1, y = -2), 
(x = 1, y = 0), 
(x + y = 1), 
(x + y = −3) … 

91

uint32_t x = 1, y = 1; 

while (1) 

invariant: (x + y) & 1 == 0

{ 

x = x + 2 * nd(); 

y = y + 2 * nd();  

assert(x + y != 1);  

}

nd() returns a non-deterministic
uint32_t value.

How to generalize from
(x + y != 1), 
(x + y != −3) … 
to
((x + y) & 1 == 0) ?

Very specific



Computing predecessors
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Given 𝜑 𝑥′ , find 𝛼(𝑥) such that 
𝛼 𝑥 ∧ 𝑇𝑟 𝑥, 𝑥' ∧ 𝜑(𝑥') is SAT

Eliminate 𝑥′ from ∃𝑥' ⋅ 𝑇𝑟 𝑥, 𝑥' ∧ 𝜑(𝑥')

Compute: 𝒫 𝑦 ⇒ ∃𝑥 ⋅ 𝜓(𝑥, 𝑦)
Given: 𝑀 ⊨ 𝜓(𝑥, 𝑦)

PROBLEM: 

Model Based Projection (MBP):



MBP for arithmetic operators in BV
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Model Based 
Rewriting

Model Based Resolving

𝜓 𝑥, 𝑦 , 𝑀 ⊨ 𝜓(𝑥, 𝑦)

𝒫(𝑦)

Conjunction of  literals: 𝑡(𝑥) ⋈ 𝑡(𝑦, 𝑧)

𝑥 + 𝑡 𝑦 ≤ 𝑡(𝑧)

𝑥 ≤ 𝑡(𝑧) − 𝑡(𝑦)
and side conditions

𝑥 ≤ 𝑡 𝑦 ∧ 𝑥 > 𝑡(𝑧)

𝑡 𝑧 < 𝑡(𝑦) and
side conditions



MBP for arithmetic operators in BV
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Model Based 
Rewriting

Model Based Resolving

𝜓 𝑥, 𝑦 , 𝑀 ⊨ 𝜓(𝑥, 𝑦)

𝒫(𝑦)

Conjunction of  literals: 𝑡(𝑥) ⋈ 𝑡(𝑦, 𝑧)



MBP for full BV
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𝜑 𝑥, 𝑦 ,
𝑀 ⊨ 𝜑(𝑥, 𝑦)

𝜓 𝑥, 𝑦 ← arithmetic literals in 𝜑(𝑥, 𝑦)

𝜋 ← 𝜑 𝑥, 𝑦 ∖ 𝜓(𝑥, 𝑦) 𝑆

𝒫

𝒫 ∧ 𝑆 ⇒ ∃𝑥 . 𝜑 𝑥, 𝑦 ?

𝑆 ← 𝑆 ∧ 𝜓[𝑥 → 𝑀(𝑥)]

Drop all literals ℓ from 𝑆 s.t
𝒫 ∧ 𝑆 ∖ ℓ ⇒ ∃𝑥 . 𝜑 𝑥, 𝑦

ye
s

no

𝜋[𝑥 → 𝑀 𝑥 ]

𝑀𝐵𝑃((𝜓, 𝑥,𝑀)

𝒫 ∧ 𝑆



Spacer
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POB Queue Lemma Trace

𝓞𝑖⟨𝜑, 𝑖 + 1⟩

⟨𝛼, 𝑖⟩ ℓ

𝛼 = 𝑀𝐵𝑃(𝑇𝑟 ∧ 𝜑, 𝑣', 𝑀) ℓ = 𝐼𝑇𝑃(𝐹) ∧ 𝑇𝑟, 𝜑)

But there are no good interpolation strategies for BV !!!



Instantiated guidance rules for BV

Subsume

Conjecture
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if ( 𝜑 ≡ 𝛼 ∧ 𝛽) ∧
(∀ℓ ∈ ℒ ⋅ ℓ blocks 𝛽 but does not block 𝛼) then 

add 𝛼 to POB queue

if (∃𝜓 ⋅ ∀ℓ ∈ ℒ ⋅ 𝜓 ⇒ ℓ) then 
add 𝜓 to trace
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CHC SOLVERS
beyond Spacer



100100

https://chc-comp.github.io/CHC-COMP2022_presentation.pdf



The Eldarica Horn Solver

● A Horn solver tailored to verification of software and infinite-state 
systems

○ Algorithms: Predicate abstraction, CEGAR, Craig interpolation
○ Theories: LIA, NIA, BV, ADTs, arrays, heap
○ Input formats: SMT-LIB, Prolog (+ built-in C front-end)
○ Output: Full solution + counterexample output

● Open-source, entirely implemented in Scala
● Started in 2011, since then developed continuously

○ E.g., integration of new theories, hand-in-hand with development of new 
decision/interpolation procedures

○ Upcoming: LRA, improved heap support

● https://github.com/uuverifiers/eldarica

https://github.com/uuverifiers/eldarica


Hossein Hojjat, Philipp Rümmer: “The ELDARICA Horn Solver” (FMCAD 2018) 

Architecture



Key feature: global invariant generation methodsReplace cycles 
with closed-form 
representations

Identify 
arithmetic 
progressions, 
variable 
relationships, 
etc.
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FreqHorn: CHC solving by enumerative search

SMT check n

SMT check 1

SMT check 2

Bad 
tries LemmasCandidates

(Grammar)

…

G. Fedyukovich, S. Kaufman, R. Bodik, FMCAD’17
High-level view:
• Loop between a candidate 

generator and SMT-solver
• Synthesizes lemmas separately

Candidate generator
• Syntax-Guided Synthesis (SyGuS)
• Non-recursive grammars 

obtained from ASTs of verification 
conditions

• Learnes from positive / negative 
candidates

SMT-based decision maker
• Off-the-shelf SMT solver
• Does not need interpolation or 

quantifier elimination
• Easy to maintain



105105

Safety of numerical programs:
• Accelerated using interpolation and Houdini
• Accelerated using data learning and quantifier elimination

• Extended to arrays and quantified invariants
• Extended to disjunctive invariants

(Non)-termination of programs
• Ranking functions, recurrence sets

Modular analysis 
• Generation of function summaries 
• Proving hyperproperties

Specification synthesis 
• From invariants to spec and back

Test case generation
• Invariants block unreachable branches

FreqHorn: CHC applications/extensions

Fedyukovich and R. Bodík, TACAS’18

Fedyukovich, Prabhu, Madhukar, Gupta, FMCAD’18

-||-, CAV’19

Riley and Fedyukovich, FSE’22

Fedyukovich, Zhang, Gupta, CAV’18

Pick, Fedyukovich, Gupta, VMCAI’21

Pick, Fedyukovich, Gupta, FMCAD’20

Prabhu, Fedyukovich, Madhukar, D’Souza, PLDI’21

Zlatkin and Fedyukovich, TACAS’22
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Golem: Overview

Solver for Constrained Horn Clauses

Developed at USI Formal Verification and Security Lab (Lugano, 
Switzerland) by Martin Blicha et al.

Craig interpolation-based algorithm for CHC solving

Tight integration with interpolating SMT solver OpenSMT

Supports linear real and integer arithmetic as the background theory 

Available at https://github.com/usi-verification-and-security/golem

http://verify.inf.usi.ch/
https://github.com/usi-verification-and-security/opensmt/
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Golem: Brief History

Summer 2020
• first commits

Winter 2020
• Impact engine [McMillan ’06] (Lazy Abstraction with Interpolants) 

March 2021
• 3 medals at CHC-COMP ’21

May 2021
• Spacer engine [Komuravelli et al. ’16] 

Summer 2021
• TPA engine [Blicha et al. ’22] (Transition Power Abstraction) 

April 2022 
• 4 medals at CHC-COMP ’22 
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Golem: Architecture
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Golem: Future

Extend supported background theories (arrays, ADTs) 

Extend TPA engine to support nonlinear CHC systems 

Golem as backend for Korn

Golem as backend for SolCMC (Alt et al. ’22) 

Develop proper API for Golem as library 

Support Datalog input format 

https://github.com/gernst/korn
https://docs.soliditylang.org/en/latest/smtchecker.html
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Helping Users of CHC Solvers

SAT 
(SAFE)

UNSAT
(UNSAFE)

1. method Main(x: List, i: Int) 
2. requires length(x) == i
3. {
4. while(*) 
5. inv: ?
6. {
7. if (x != nil) {
8. x, i := x.tail, i – 1;
9. }
10. }
11. assert(i >= 0);
12. }

VC GEN CHC solver

rust-horn
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HST: Spacer Visualizer (ver. 1)

Created by Matteo Marescotti as a side-project to understand Spacer behavior

Extremely useful in understanding what Spacer is doing

Intendent for internal use only
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HST: Spacer Visualizer (ver. 2)

with Aishwarya Ramanathan, Nham Le, and Richard Trefler
• based on Vampire Visualizer by Bernhard Gleiss

https://github.com/nhamlv-55/spacer-visualization/
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Art, Science, and Magic of CHCs

Model Checking of Safety Properties is CHC satisfiability
• Logic: Constrained Horn Clauses (CHC)
• “Decision” procedure: Spacer
• Constraints: arithmetic, bv, arrays, quantifiers, adt + recfn, …

Art: finding the right encoding from the problem domain to logic
• the difference between easy to impossible
• encodings can “simulate” specialized algorithms

Science: Progress, termination (when decidable)
• while the underlying problem is undecidable, many fragment or sub-problems 

are decidable
Magic: actually solving useful problems
• interpolation, heuristics, generalizations, …
• the list is endless
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END
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ADT AND RECURSIVE 
FUNCTIONS
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Automatic program verification
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1. method Main(x: List, i: Int) 
2. requires length(x) == i
3. {
4. while(*) 
5. {
6. if (x != nil) {
7. x, i := x.tail, i – 1;
8. }
9. }
10. assert(i >= 0);
11.}

1. method Main(x: List, i: Int) 
2. requires length(x) == i
3. {
4. while(*) 
5. inv: length(x) == i
6. inv: i >= 0
7. {
8. if (x != nil) {
9. x, i := x.tail, i – 1;
10. }
11. }
12. assert(i >= 0);
13.}

Algebraic Data Type

Recursive  Function
length(l): 

match l
case nil => 0
case cons(h, t) => 1 + 

length(t)  

List: nil | 
cons(h, t)

How to automatically come up with inv
in the presence of ADTs and RFs?
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Constrained Horn Clauses

Constraints on uninterpreted predicates
All constraints are horn clauses

118

AD
T

RF

<latexit sha1_base64="GCOATK46uS9cRb+o4LLIbCSJr+U="></latexit>

length(x) = i ) inv(x, i)

inv(x, i) ^ x 6= nil ^ x0 = tail(x) ^ i0 = i� 1 ) inv(x0, i0)

inv(x, i) ^ i < 0 ) ?

length(l): 
match l

case nil => 0
case cons(h, t) => 1 + length(t)  

List: nil | 
cons(h, t)

1. method Main(x: List, i: Int) 
2. requires length(x) == i
3. {
4. while(*) 
5. inv: ?
6. {
7. if (x != nil) {
8. x, i := x.tail, i – 1;
9. }
10. }
11. assert(i >= 0);
12. }

modulo ADT,RF
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Solutions to CHCs (inductive invariants of programs)

Any interpretation that satisfies all constraints

119

<latexit sha1_base64="GCOATK46uS9cRb+o4LLIbCSJr+U="></latexit>

length(x) = i ) inv(x, i)

inv(x, i) ^ x 6= nil ^ x0 = tail(x) ^ i0 = i� 1 ) inv(x0, i0)

inv(x, i) ^ i < 0 ) ?

<latexit sha1_base64="fOgiehOF86Z6NnYMO0OgGVrROdE=">AAACHHicbVBNS0JBFJ3Xp9mX1bLNkAQKIe+VVJtAatPSICtQkXnjVQfnzXvN3CfKwx/Spr/SpkURbVoE/ZtGc1HagYHDOffeuff4kRQGXffLmZtfWFxaTq2kV9fWNzYzW9s3Jow1hwoPZajvfGZACgUVFCjhLtLAAl/Crd+9GPm3PdBGhOoaBxHUA9ZWoiU4Qys1Mkc1hD6O5yQamsNEqN4w1z+gIk9rqAVTbQn3VIJqYyfXz9MzKhqZrFtwx6CzxJuQLJmg3Mh81JohjwNQyCUzpuq5EdYTplFwCcN0LTYQMd5lbahaqlgApp6MlxrSfas0aSvU9imkY/V3R8ICYwaBbysDhh0z7Y3E/7xqjK3Tur03ihEU//moFUuKIR0lRZtCA0c5sIRxLeyulHeYZhxtnmkbgjd98iy5OSx4x4XiVTFbOp/EkSK7ZI/kiEdOSIlckjKpEE4eyBN5Ia/Oo/PsvDnvP6VzzqRnh/yB8/kNYDOhfA==</latexit>

inv(x, i) , length(x) = i

Construct solutions with those RFsSynthesize RFs

• Interpretations are expressed in some language
Solution

Apply RFs to arguments
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Encoding RF applications in CHCs

Use ghost variables to capture RF applications (term abstraction)

120

<latexit sha1_base64="GCOATK46uS9cRb+o4LLIbCSJr+U="></latexit>

length(x) = i ) inv(x, i)

inv(x, i) ^ x 6= nil ^ x0 = tail(x) ^ i0 = i� 1 ) inv(x0, i0)

inv(x, i) ^ i < 0 ) ?

<latexit sha1_base64="fOgiehOF86Z6NnYMO0OgGVrROdE=">AAACHHicbVBNS0JBFJ3Xp9mX1bLNkAQKIe+VVJtAatPSICtQkXnjVQfnzXvN3CfKwx/Spr/SpkURbVoE/ZtGc1HagYHDOffeuff4kRQGXffLmZtfWFxaTq2kV9fWNzYzW9s3Jow1hwoPZajvfGZACgUVFCjhLtLAAl/Crd+9GPm3PdBGhOoaBxHUA9ZWoiU4Qys1Mkc1hD6O5yQamsNEqN4w1z+gIk9rqAVTbQn3VIJqYyfXz9MzKhqZrFtwx6CzxJuQLJmg3Mh81JohjwNQyCUzpuq5EdYTplFwCcN0LTYQMd5lbahaqlgApp6MlxrSfas0aSvU9imkY/V3R8ICYwaBbysDhh0z7Y3E/7xqjK3Tur03ihEU//moFUuKIR0lRZtCA0c5sIRxLeyulHeYZhxtnmkbgjd98iy5OSx4x4XiVTFbOp/EkSK7ZI/kiEdOSIlckjKpEE4eyBN5Ia/Oo/PsvDnvP6VzzqRnh/yB8/kNYDOhfA==</latexit>

inv(x, i) , length(x) = i

<latexit sha1_base64="G5EZw4nProPU/RFF9R6x+xc7EcI="></latexit>

length(x) = i ) inv(x, i, i)

inv(x, i, j) ^ length(x) = j ^ x 6= nil

x0 = tail(x) ^ i0 = i� 1 ^ length(x0) = j0 ) inv(x0, i0, j0)

inv(x, i, j) ^ length(x) = j ^ i < 0 ) ?

<latexit sha1_base64="ALE5o/7lH5826okeVUL/0PkJQTU=">AAACF3icbVBNSwMxEM3W7/pV9eglWAQFKbsi6kUoevGoYKvQlpJNp23abHZNZqVl6b/w4l/x4kERr3rz35i2e9DWB4HHezOTmedHUhh03W8nMzM7N7+wuJRdXlldW89tbJZNGGsOJR7KUN/5zIAUCkooUMJdpIEFvoRbv3sx9G8fQBsRqhvsR1ALWEuJpuAMrVTPFaoIPRzNSTQ0BolQD4O93gEVB7SzT6uoBVMtCfe0Q8+oqOfybsEdgU4TLyV5kuKqnvuqNkIeB6CQS2ZMxXMjrCVMo+ASBtlqbCBivMtaULFUsQBMLRntM6C7VmnQZqjtU0hH6u+OhAXG9APfVgYM22bSG4r/eZUYm6c1e2oUIyg+/qgZS4ohHYZEG0IDR9m3hHEt7K6Ut5lmHG2UWRuCN3nyNCkfFrzjwtH1Ub54nsaxSLbJDtkjHjkhRXJJrkiJcPJInskreXOenBfn3fkYl2actGeL/IHz+QP4bJ8f</latexit>

inv(x, i, j) , j = i

Search for solutions without RFsAssume: RF applications are given

Solution

Solutio
n
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Challenge: RFs are hard!!!!

121

Given a list l, show length(l) >= 0

length(l): 
match l

case nil => 0
case cons(h, t) => 1 + 

length(t)  

L 2 sources of undecidability

RFs without any 
Uninterpreted Predicates CHCs without any RFs

L Need inductive reasoning
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Typical approach: Relationification

Encode RFs as CHCs

122

<latexit sha1_base64="4BslUU0G8U4WRlJWRDDsT7fiQ0Q="></latexit>

length(x) = i ) inv(x, i, i)

inv(x, i, j) ^ length(x) = j ^ x 6= nil ^
x0 = tail(x) ^ i0 = i� 1 ^ length(x0) = j0 ) inv(x0, i0, j0)

inv(x, i, j) ^ length(x) = j ^ i < 0 ) ?

<latexit sha1_base64="4BslUU0G8U4WRlJWRDDsT7fiQ0Q="></latexit>

length(x) = i ) inv(x, i, i)

inv(x, i, j) ^ length(x) = j ^ x 6= nil ^
x0 = tail(x) ^ i0 = i� 1 ^ length(x0) = j0 ) inv(x0, i0, j0)

inv(x, i, j) ^ length(x) = j ^ i < 0 ) ?

<latexit sha1_base64="HE9qu6TVoFw3jptFzH/81/1aDbY="></latexit>

Length(x, i) ) inv(x, i, i)

inv(x, i, j) ^ Length(x, j) ^ x 6= nil ^
x0 = tail(x) ^ i0 = i� 1 ^ Length(x0, j0) ) inv(x0, i0, j0)

inv(x, i, j) ^ Length(x, j) ^ i < 0 ) ?

ADT
RF

mod

ADT
mod

Relationify RFs
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Encode RFs as CHCs

123

<latexit sha1_base64="GT/U/iol4UU5H7Xz3LqIIHOcLv4="></latexit>

x = nil ^ i = 0 ) Length(x, i)

Length(x, i) ^ x0 6= nil ^
x = tail(x0) ^ i0 = 1 + i ) Length(x0, i0)

<latexit sha1_base64="HE9qu6TVoFw3jptFzH/81/1aDbY="></latexit>

Length(x, i) ) inv(x, i, i)

inv(x, i, j) ^ Length(x, j) ^ x 6= nil ^
x0 = tail(x) ^ i0 = i� 1 ^ Length(x0, j0) ) inv(x0, i0, j0)

inv(x, i, j) ^ Length(x, j) ^ i < 0 ) ?

<latexit sha1_base64="4BslUU0G8U4WRlJWRDDsT7fiQ0Q="></latexit>

length(x) = i ) inv(x, i, i)

inv(x, i, j) ^ length(x) = j ^ x 6= nil ^
x0 = tail(x) ^ i0 = i� 1 ^ length(x0) = j0 ) inv(x0, i0, j0)

inv(x, i, j) ^ length(x) = j ^ i < 0 ) ?

<latexit sha1_base64="HE9qu6TVoFw3jptFzH/81/1aDbY="></latexit>

Length(x, i) ) inv(x, i, i)

inv(x, i, j) ^ Length(x, j) ^ x 6= nil ^
x0 = tail(x) ^ i0 = i� 1 ^ Length(x0, j0) ) inv(x0, i0, j0)

inv(x, i, j) ^ Length(x, j) ^ i < 0 ) ?
<latexit sha1_base64="HE9qu6TVoFw3jptFzH/81/1aDbY="></latexit>

Length(x, i) ) inv(x, i, i)

inv(x, i, j) ^ Length(x, j) ^ x 6= nil ^
x0 = tail(x) ^ i0 = i� 1 ^ Length(x0, j0) ) inv(x0, i0, j0)

inv(x, i, j) ^ Length(x, j) ^ i < 0 ) ?

<latexit sha1_base64="4KeZMMyq8vYsTUrP8CYCWI/PZLE=">AAACF3icbVBNSwMxEM3W7/pV9eglWAQFKbsi6kUoevGoYKvQlpJNp23abHZNZqVl6b/w4l/x4kERr3rz35i2e9DWB4HHezOTmedHUhh03W8nMzM7N7+wuJRdXlldW89tbJZNGGsOJR7KUN/5zIAUCkooUMJdpIEFvoRbv3sx9G8fQBsRqhvsR1ALWEuJpuAMrVTPFaoIPRzNSTQ0BolQD4O93gEVB7SzT6uoBVMtCfdU0DPaqefybsEdgU4TLyV5kuKqnvuqNkIeB6CQS2ZMxXMjrCVMo+ASBtlqbCBivMtaULFUsQBMLRntM6C7VmnQZqjtU0hH6u+OhAXG9APfVgYM22bSG4r/eZUYm6c1e2oUIyg+/qgZS4ohHYZEG0IDR9m3hHEt7K6Ut5lmHG2UWRuCN3nyNCkfFrzjwtH1Ub54nsaxSLbJDtkjHjkhRXJJrkiJcPJInskreXOenBfn3fkYl2actGeL/IHz+QP4aJ8f</latexit>

inv(x, i, j) , i = j

<latexit sha1_base64="4KeZMMyq8vYsTUrP8CYCWI/PZLE=">AAACF3icbVBNSwMxEM3W7/pV9eglWAQFKbsi6kUoevGoYKvQlpJNp23abHZNZqVl6b/w4l/x4kERr3rz35i2e9DWB4HHezOTmedHUhh03W8nMzM7N7+wuJRdXlldW89tbJZNGGsOJR7KUN/5zIAUCkooUMJdpIEFvoRbv3sx9G8fQBsRqhvsR1ALWEuJpuAMrVTPFaoIPRzNSTQ0BolQD4O93gEVB7SzT6uoBVMtCfdU0DPaqefybsEdgU4TLyV5kuKqnvuqNkIeB6CQS2ZMxXMjrCVMo+ASBtlqbCBivMtaULFUsQBMLRntM6C7VmnQZqjtU0hH6u+OhAXG9APfVgYM22bSG4r/eZUYm6c1e2oUIyg+/qgZS4ohHYZEG0IDR9m3hHEt7K6Ut5lmHG2UWRuCN3nyNCkfFrzjwtH1Ub54nsaxSLbJDtkjHjkhRXJJrkiJcPJInskreXOenBfn3fkYl2actGeL/IHz+QP4aJ8f</latexit>

inv(x, i, j) , i = j

<latexit sha1_base64="5xbJeiAMo/edxyEipboDugLR3tM=">AAACGHicbVDLSgMxFM3UV62vUZdugkVpodSZUtRl0Y3LCvYBnVIyadqGZpIhyQhl6Ge48VfcuFDEbXf+jel0BG09EDiccy439/gho0o7zpeVWVvf2NzKbud2dvf2D+zDo6YSkcSkgQUTsu0jRRjlpKGpZqQdSoICn5GWP76d+61HIhUV/EFPQtIN0JDTAcVIG6lnX3gM8SEjEAuuCk4Jnv8QTlmxWIIVTyaBksf6QquenXfKTgK4StyU5EGKes+eeX2Bo4BwjRlSquM6oe7GSGqKGZnmvEiREOExGpKOoRwFRHXj5LApPDNKHw6ENI9rmKi/J2IUKDUJfJMMkB6pZW8u/ud1Ij247saUh5EmHC8WDSIGtYDzlmCfSoI1mxiCsKTmrxCPkERYmy5zpgR3+eRV0qyU3cty9b6ar92kdWTBCTgFBeCCK1ADd6AOGgCDJ/AC3sC79Wy9Wh/W5yKasdKZY/AH1uwb+Jid4w==</latexit>

hcons(0,cons(0, nil)), 2i, . . .

<latexit sha1_base64="HjsGhb4hK+s7biBsghlrsmBrpWc=">AAACMHicbVDLSgMxFM3UV62vUZdugkWoUMqMFHVZdKHLCvYBbSmZTKYNzSRDkhHK0E9y46foRkERt36F6XQW9nHgwuGce7n3Hi9iVGnH+bBya+sbm1v57cLO7t7+gX141FQilpg0sGBCtj2kCKOcNDTVjLQjSVDoMdLyRrdTv/VEpKKCP+pxRHohGnAaUIy0kfr2XZchPmAEYsFVySlDTtl5GbpdmcplOOe7q3xfaFXu20Wn4qSAy8TNSBFkqPft164vcBwSrjFDSnVcJ9K9BElNMSOTQjdWJEJ4hAakYyhHIVG9JH14As+M4sNASFNcw1T9P5GgUKlx6JnOEOmhWvSm4iqvE+vgupdQHsWacDxbFMQMagGn6UGfSoI1GxuCsKTmVoiHSCKsTcYFE4K7+PIyaV5U3MtK9aFarN1kceTBCTgFJeCCK1AD96AOGgCDZ/AGPsGX9WK9W9/Wz6w1Z2Uzx2AO1u8fZGSmyQ==</latexit>

hcons(0, nil), 1i, hcons(1, nil), 1i, . . . ,

<latexit sha1_base64="0nteB4KXWRrtxMg7ISH6kqi1gIM=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCglkaIui25cVrAPaEKZTKft0MkkzEyEErvwV9y4UMStv+HOv3GaZqGtBy6cOede5t4TxJwp7TjfVmFldW19o7hZ2tre2d2z9w9aKkokoU0S8Uh2AqwoZ4I2NdOcdmJJcRhw2g7GNzO//UClYpG415OY+iEeCjZgBGsj9ewjj2Mx5BQJxivI8WT2qvTsslN1MqBl4uakDDkaPfvL60ckCanQhGOluq4Taz/FUjPC6bTkJYrGmIzxkHYNFTikyk+z/afo1Ch9NIikKaFRpv6eSHGo1CQMTGeI9UgtejPxP6+b6MGVnzIRJ5oKMv9okHCkIzQLA/WZpETziSGYSGZ2RWSEJSbaRFYyIbiLJy+T1nnVvajW7mrl+nUeRxGO4QTOwIVLqMMtNKAJBB7hGV7hzXqyXqx362PeWrDymUP4A+vzB600lT8=</latexit>

hnil, 0i,

<latexit sha1_base64="HjsGhb4hK+s7biBsghlrsmBrpWc=">AAACMHicbVDLSgMxFM3UV62vUZdugkWoUMqMFHVZdKHLCvYBbSmZTKYNzSRDkhHK0E9y46foRkERt36F6XQW9nHgwuGce7n3Hi9iVGnH+bBya+sbm1v57cLO7t7+gX141FQilpg0sGBCtj2kCKOcNDTVjLQjSVDoMdLyRrdTv/VEpKKCP+pxRHohGnAaUIy0kfr2XZchPmAEYsFVySlDTtl5GbpdmcplOOe7q3xfaFXu20Wn4qSAy8TNSBFkqPft164vcBwSrjFDSnVcJ9K9BElNMSOTQjdWJEJ4hAakYyhHIVG9JH14As+M4sNASFNcw1T9P5GgUKlx6JnOEOmhWvSm4iqvE+vgupdQHsWacDxbFMQMagGn6UGfSoI1GxuCsKTmVoiHSCKsTcYFE4K7+PIyaV5U3MtK9aFarN1kceTBCTgFJeCCK1AD96AOGgCDZ/AGPsGX9WK9W9/Wz6w1Z2Uzx2AO1u8fZGSmyQ==</latexit>

hcons(0, nil), 1i, hcons(1, nil), 1i, . . . ,
<latexit sha1_base64="HjsGhb4hK+s7biBsghlrsmBrpWc=">AAACMHicbVDLSgMxFM3UV62vUZdugkWoUMqMFHVZdKHLCvYBbSmZTKYNzSRDkhHK0E9y46foRkERt36F6XQW9nHgwuGce7n3Hi9iVGnH+bBya+sbm1v57cLO7t7+gX141FQilpg0sGBCtj2kCKOcNDTVjLQjSVDoMdLyRrdTv/VEpKKCP+pxRHohGnAaUIy0kfr2XZchPmAEYsFVySlDTtl5GbpdmcplOOe7q3xfaFXu20Wn4qSAy8TNSBFkqPft164vcBwSrjFDSnVcJ9K9BElNMSOTQjdWJEJ4hAakYyhHIVG9JH14As+M4sNASFNcw1T9P5GgUKlx6JnOEOmhWvSm4iqvE+vgupdQHsWacDxbFMQMagGn6UGfSoI1GxuCsKTmVoiHSCKsTcYFE4K7+PIyaV5U3MtK9aFarN1kceTBCTgFJeCCK1AD96AOGgCDZ/AGPsGX9WK9W9/Wz6w1Z2Uzx2AO1u8fZGSmyQ==</latexit>

hcons(0, nil), 1i, hcons(1, nil), 1i, . . . ,

<latexit sha1_base64="HjsGhb4hK+s7biBsghlrsmBrpWc=">AAACMHicbVDLSgMxFM3UV62vUZdugkWoUMqMFHVZdKHLCvYBbSmZTKYNzSRDkhHK0E9y46foRkERt36F6XQW9nHgwuGce7n3Hi9iVGnH+bBya+sbm1v57cLO7t7+gX141FQilpg0sGBCtj2kCKOcNDTVjLQjSVDoMdLyRrdTv/VEpKKCP+pxRHohGnAaUIy0kfr2XZchPmAEYsFVySlDTtl5GbpdmcplOOe7q3xfaFXu20Wn4qSAy8TNSBFkqPft164vcBwSrjFDSnVcJ9K9BElNMSOTQjdWJEJ4hAakYyhHIVG9JH14As+M4sNASFNcw1T9P5GgUKlx6JnOEOmhWvSm4iqvE+vgupdQHsWacDxbFMQMagGn6UGfSoI1GxuCsKTmVoiHSCKsTcYFE4K7+PIyaV5U3MtK9aFarN1kceTBCTgFJeCCK1AD96AOGgCDZ/AGPsGX9WK9W9/Wz6w1Z2Uzx2AO1u8fZGSmyQ==</latexit>

hcons(0, nil), 1i, hcons(1, nil), 1i, . . . ,
Not e

xpressi
ble

Typical approach: Relationification

Solution

ADT
RF

mod

ADT
mod

Relationify RFs
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Encode RFs as CHCs

124

<latexit sha1_base64="GT/U/iol4UU5H7Xz3LqIIHOcLv4="></latexit>

x = nil ^ i = 0 ) Length(x, i)

Length(x, i) ^ x0 6= nil ^
x = tail(x0) ^ i0 = 1 + i ) Length(x0, i0)

L Sometimes no satisfying 
summary is expressible

J InducKve 
summaries of RFs

<latexit sha1_base64="HE9qu6TVoFw3jptFzH/81/1aDbY="></latexit>

Length(x, i) ) inv(x, i, i)

inv(x, i, j) ^ Length(x, j) ^ x 6= nil ^
x0 = tail(x) ^ i0 = i� 1 ^ Length(x0, j0) ) inv(x0, i0, j0)

inv(x, i, j) ^ Length(x, j) ^ i < 0 ) ?

Preserves sat

<latexit sha1_base64="4BslUU0G8U4WRlJWRDDsT7fiQ0Q="></latexit>

length(x) = i ) inv(x, i, i)

inv(x, i, j) ^ length(x) = j ^ x 6= nil ^
x0 = tail(x) ^ i0 = i� 1 ^ length(x0) = j0 ) inv(x0, i0, j0)

inv(x, i, j) ^ length(x) = j ^ i < 0 ) ?

<latexit sha1_base64="HE9qu6TVoFw3jptFzH/81/1aDbY="></latexit>

Length(x, i) ) inv(x, i, i)

inv(x, i, j) ^ Length(x, j) ^ x 6= nil ^
x0 = tail(x) ^ i0 = i� 1 ^ Length(x0, j0) ) inv(x0, i0, j0)

inv(x, i, j) ^ Length(x, j) ^ i < 0 ) ?

Typical approach: Relationification

ADT
RF

mod

ADT
mod

Relationify RFs
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CONTRIBUTION 1:
Relationification preserves satisfiability but not 
solutions 

WE NEED RFs !!!

z

+ RF

Typical approach: Relationification

ADT
RF

mod

ADT
mod

Relationify RFs
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Solving CHCs modulo ADTs and RFs

126

RACER

Unroll and abstract RF to overcome 
undecidability

Relationified Predicates to 
infer inductive summaries of RFs

Always find a counter example, if one 
exists.

ADT
RF

mod

ADT
RF

mod

Relationify and
Add back RF

Spacer style algorithm

Original RFs to preserve solutions
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Contains RFs and Uninterpreted Predicates
<latexit sha1_base64="GT/U/iol4UU5H7Xz3LqIIHOcLv4="></latexit>

x = nil ^ i = 0 ) Length(x, i)

Length(x, i) ^ x0 6= nil ^
x = tail(x0) ^ i0 = 1 + i ) Length(x0, i0)

<latexit sha1_base64="HE9qu6TVoFw3jptFzH/81/1aDbY="></latexit>

Length(x, i) ) inv(x, i, i)

inv(x, i, j) ^ Length(x, j) ^ x 6= nil ^
x0 = tail(x) ^ i0 = i� 1 ^ Length(x0, j0) ) inv(x0, i0, j0)

inv(x, i, j) ^ Length(x, j) ^ i < 0 ) ?
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Contains RFs and Uninterpreted Predicates

L 2 sources of 
Undecidability

J Inductive summaries of RFs

J All solutions are preserved

<latexit sha1_base64="kgkVBk+K9Wd1ZCVFUflVVdKBiKQ="></latexit>

length(x) = i ^ Length(x, i) ) inv(x, i, i)

inv(x, i, j) ^ length(x) = j ^ Length(x, j) ^ x 6= nil ^
x0 = tail(x) ^ i0 = i� 1 ^ length(x0) = j0 ^ Length(x0, j0) ) inv(x0, i0, j0)

inv(x, i, j) ^ length(x) = j ^ Length(x, j) ^ i < 0 ) ?

<latexit sha1_base64="GT/U/iol4UU5H7Xz3LqIIHOcLv4="></latexit>

x = nil ^ i = 0 ) Length(x, i)

Length(x, i) ^ x0 6= nil ^
x = tail(x0) ^ i0 = 1 + i ) Length(x0, i0)
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length(l): 
match l

case nil => 0
case cons(h, t) => 1 + length(t)  

RF abstraction

129

length(l): 
match l

case nil => 0
case cons(h, t) => 1 + match t

case nil => 0
case cons(hh, tt) => 1 + length(tt)

Unroll and replace with an uninterpreted function

lengthuf(tt)

No Definition
Reasoning with uninterpreted funcAons is decidable

Over-approximates RF



130130

z

with RF abstraction

The more you unroll, the more solutions you get
No RFs after abstraction!!!!

130

J 1 source of Undecidability

J InducKve summaries of RFs

J More solutions than just 
Relationification

+ RF



131131

UF abstraction

131

• Remove all literals with Uninterpreted Functions

• Over-approximates RF

• Used to remove UF before quantifier elimination
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Solving CHCs modulo ADTs and RFs

132

RACER

Unroll and abstract RF to overcome 
undecidability

Relationified Predicates to 
infer inductive summaries of RFs

Always find a counter example, if one 
exists.

ADT
RF

mod

ADT
RF

mod

RelaVonify and
Add back RF

Spacer style algorithm

Original RFs to preserve solutions
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RACER

134

Generate 
predecessor

Learn 
reachable 

state

Learn 
lemma

Is 𝑷𝑶𝑩 reachable?
𝑷𝑶𝑩

𝑷𝑶𝑩′

Is 𝑷𝑶𝑩′
reachable? 

Reachable 
states 

intersect 
with 𝑷𝑶𝑩 ? 

Lemmas 
block 𝑷𝑶𝑩 ?

YES

YESYES

NONO
NO

NOYES

RF abstracAon

UF abstraction
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RACER

Uses (abstractions of) RF when searching for and verifying solutions
• Periodically increases depth of unrolling 

Uses Relationified predicate to produce
1. Inductive summaries of RFs
2. Counter-examples

135

J Always find a counter-example, if one exists

J Makes no undecidable queries to SMT solver


